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THE CENTER OF THE SMALL QUANTUM GROUP uq(sl3) FOR l = 5:
A NUMERICAL COMPUTATION.
STEVEN GLENN JACKSON, ANNA LACHOWSKA
1. Introduction
The small quantum group is a finite dimensional Hopf algebra uq(g) associated to a
semisimple Lie algebra g and a root of unity ql = 1. It was defined by [Lus] as an analog
of the restricted enveloping algebra up(g) over a field of positive characteristic. Despite the
fact that uq(g) is a finite dimensional algebra over C that has been studied extensively for
over 20 years, the structure and even the dimension of its center remains unknown, except
in the case of g = sl2. In the latter case, the answer was first found in [Ker]: the dimension
of the center of uq(sl2) with q a primitive root of unity of odd degree l ≥ 3, equals
3l−1
2 ,
which is unexpectedly large (the number of inequivalent irreducible representations of
uq(sl2) is l).
For higher rank, there are several results on the structure of the regular block of the
center of uq(g), whose structure for large enough l is independent of l by [AJS]. The
main theorem in [BL] gives a complete description of the Hochschild cohomology of the
regular block of uq(g) for a semisimple g in terms of the sheaf cohomology of certain
polyvector fields over the Springer resolution. This description does not easily translate
into the combinatorial terms. However it allows us to conclude that the regular block of
the center of uq(g) contains a subalgebra of dimension 2|W | − 1, where W is the Weyl
group associated with g. The existence of this subalgebra was predicted in [La], and for
g = sl2 it is known to coincide with the whole center of the regular block. Further, in [LQ]
the dimension of the center of the regular block of uq(sl3) was computed, which led to a
conjecture for the structure of the regular block of the center in type A. Still, there is no
answer for the dimension of the entire center of uq(g) beyond g = sl2.
In the present note we describe the result of a numerical computation of the dimension
of the center of uq(sl3) at a particular root of unity, l = 5, performed in 2011. This
dimension is 57. Now in view of the result in [LQ] for the regular block of the center, we
can make sense of this number. Namely, using the linkage principle [APW1], we obtain
the block decomposition of the algebra uq(sl3). It contains blocks of three kinds: regular
blocks, singular parabolic blocks and the Steinberg block. The number of each kind of
blocks is determined by the parameter l. The Steinberg block is a matrix algebra and its
center is one-dimensional. The dimension of the regular block of the center is 16 by [LQ].
Therefore, we can find the dimension of the center of the singular parabolic block for
g = sl3 (it is 6), and derive the block decomposition of the center for uq(sl3).
The paper is organized as follows. Section 2 contains the definition of the small quan-
tum group uq(sl3) with mild restrictions on l, and a PBW basis of this algebra over the
cyclotomic field. In Section 3 we present our strategy and the result of the numerical
computation of the dimension of the center of this algebra for l = 5. In Section 4 we
interpret this result in terms of the block decomposition of the center of uq(sl3).
Acknowledgements The authors are grateful to Bryan Ford and DEDIS group at the
Computer Science Department of Yale University for allowing us to use their computa-
tional facilities.
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2. The small quantum sl3
We follow [Lus] for the definition of the small quantum group uq = uq(sl3) corresponding
to the Lie algebra sl3 and an l-th root of unity, where l > 3 is an odd integer prime to 3.
Let Uv(sl3) be the Drinfeld-Jimbo quantum group over Q(v) corresponding to the Lie
algebra sl3. Let aij be the 2× 2 Cartan matrix with a11 = a22 = 2, a12 = a21 = −1. Then
Uv(sl3) is defined by the generators Ei, Fi,Ki,K
−1
i , where i = 1, 2 and the relations
(1)
KiKj = KjKi KiK
−1
i = K
−1
i Ki = 1
KiEj = v
aijEjKi KiFj = v
−aijFjKi
EiFj − FjEi = δij
Ki−K
−1
i
v−v−1
E2i Ej − (v − v
−1)EiEjEi + EjE
2
i = 0, i 6= j
F 2i Fj − (v − v
−1)FiFjFi + FjF
2
i = 0, i 6= j
Let A = Z[v, v−1] and let Udiv denote the A-subalgebra of Uv(sl3) generated by
E
(n)
i =
Eni
[n]!
, F
(n)
i =
Fni
[n]!
, Ki,K
−1
i , i = 1, 2
where [n] = v
n−v−n
v−v−1
, and [n]! = [1] · [2] · . . . [n]. Let q ∈ C be a primitive l-th root of
unity, and let Uq = U
div ⊗A Z[q, q
−1]. Then (F
(1)
i )
l = (E
(1)
i )
l = 0 and K2li = 1 in Uq
for i = 1, 2. Let uq be the Z[q, q
−1]-subalgebra of Uq generated by E
(1)
i , F
(1)
i ,Ki,K
−1
i , for
i = 1, 2, modulo the two-sided ideal generated by the central elements K l1 − 1,K
l
2 − 1. It
is a finite dimensional Hopf algebra.
Following [Lus], we introduce the elements E3 = q
−1E1E2−E2E1 and F3 = qF2F1−F1F2
that correspond to the highest root of sl3. Then the algebra uq(sl3) admits the following
basis over Q(q):
(2)
{∏
Fn11 F
n3
3 F
n2
2
∏
Kk11 K
k2
2
∏
Em22 E
m3
3 E
m1
1
}
0≤ni,mi,kj≤l−1, i=1,2,3, j=1,2
.
Thus the dimension of the algebra uq over Q(q) is l
8.
3. The numerical computation of the dimension of the center
Let l = 5, so that q is the 5th root of unity, q 6= 1. We are interested in the dimension
of the center z(uq).
To search for the central elements in the basis (2) it will be convenient to reformulate
the commutation relations (1) using the generators E3, F3. We obtain in addition to (1):
(3)
E1E2 = qE2E1 + qE3 E2E1 = q
−1E1E2 − E3
E1F3 = F3E1 − F2K
−1
1 E2F3 = F3E2 + qF1K2
E1E3 = q
−1E3E1 E2E3 = qE3E2
F1F2 = qF2F1 − F3 F2F1 = q
−1F1F2 + q1F3
F1E3 = E3F1 +K1E2 F2E3 = E3F2 − q
−1K−12 E1
F1F3 = q
−1F3F1 F2F3 = qF3F2
K1E3 = qE3K1 K2E3 = qE3K2
K1F3 = q
−1F3K1 K2F3 = q
−1F3K2
E3F3 = F3E3 +
K1K2−K
−1
1
K−1
2
q−q−1
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We briefly describe the computation strategy. The K1,K2-invariant subspace ZK1,K2 =
(uq)
(0,0) of uq is spanned by the elements of weight (0, 0) of the basis (2). Equivalently,
these elements satisfy the conditions
2n1 − n2 + n3 = 2m1 −m2 +m3, 2n2 − n1 + n3 = 2m2 −m1 +m3.
The dimension of this space is 8125. Let {vs}
8125
s=1 be an ordered set of monomials from
(2) that form a basis in ZK1,K2 .
Next we find the dimensions of the centralizer subspaces ZE1 , ZE2 , ZF1 , ZF2 ⊂ ZK1,K2 ,
spanned by the elements in ZK1,K2 that commute with E1, E2, F1, F2 respectively. The
elements Eivs−vsEi have the weight (2,−1) for E1 and (−1, 2) for E2, while the elements
Fivs − vsFi have the weight (−2, 1) for F1 and (1,−2) for F2. It is easy to compute that
the dimension of each of the subspaces (uq)
(2,−1), (uq)
(−1,2), (uq)
(−2,1), (uq)
(1,−2), of uq is
7500. In each of the subspaces (uq)
ν , where ν = (2,−1), (−1, 2), (−2, 1), (1,−2), choose
an ordered set of monomials {uνj }
7500
j=1 from (2) that form a basis in (uq)
ν .
Then we can write
E1vs − vsE1 =
∑7500
j=1 M
E1
js u
(2,−1)
j s = 1, . . . 8125
E2vs − vsE2 =
∑7500
j=1 M
E2
js u
(−1,2)
j s = 1, . . . 8125
F1vs − vsF1 =
∑7500
j=1 M
F1
js u
(−2,1)
j s = 1, . . . 8125
F2vs − vsF2 =
∑7500
j=1 M
F2
js u
(1,−2)
j s = 1, . . . 8125
where ME1 , ME2 , MF1 , and MF2 are matrices of size 8125 × 7500 with entries in Q(q).
Now the problem is reduced to
(1) Computing the matrices ME1 , ME2 , MF1 , and MF2 ;
(2) Finding the null spaces ZEi = KerM
Ei , ZFi = KerM
Fi of each matrix as sub-
spaces in ZK1,K2 .
(3) Finding the intersection of these subspaces.
We will write ZE1,F1 = ZE1 ∩ ZF1 , etc.
The computation in SAGE produced the following results:
(Here we can include more on the computation, the packages used, particular tricks, etc.)
dimZE1 = dimZE2 = dimZF1 = dimZF2 = 3325
dimZE1,E2 = dimZF1,F2 = 195
dimZE1,F1 = dimZE2,F2 = 925
dimZE1,F2 = dimZE2,F1 = 721
dimZE1,E2,F1 = dimZE1,E2,F2 = dimZF1,F2,E1 = dimZF2,E1,E2 = 81
dim z(uq) = dimZE1,E2,F1,F2 = 57.
4. The block decomposition of z(uq).
Let l be an odd integer prime to 3 and such that l > 3. As a finite dimensional associative
algebra, uq = uq(sl3) decomposes as a direct sum of two-sided ideals, or blocks. This
decomposition is determined by a version of the linkage principle stated in [APW1,APW2].
Let α1, α2 be the simple roots of sl3, Q the root lattice and P the weight lattice. Recall
( [Lus]) that the inequivalent simple modules {L(λ)} over uq are parametrized by the
highest weights λ ∈ P such that
0 ≤ 〈λ, αi〉 ≤ l − 1, i = 1, 2.
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We will denote this set by P/lP .
Proposition 1. [APW1,APW2]. If two simple uq-modules L(λ) and L(µ) appear in the
filtration of an indecomposable uq-module M , then λ and µ belong to the same orbit of the
shifted action of the extended affine Weyl group Wˆl,P :
µ ∈ Wˆl,P · λ, Wˆl,P =W ⋉ lP,
where w · λ = w(λ + ρ)− ρ.
Corollary 1. [La] The block decomposition of uq is determined by the orbits of the shifted
action of Wˆl,P in P/lP . Let χ¯ denote the set of representatives of the orbits of Wˆl,P in
P/lP . Then we have
uq = ⊕ν∈χ¯ (uq)ν .
As a left uq-module, each block (uq)ν is a direct sum of indecomposable projective
modules with composition factors of highest weights in the set Wˆl,P · ν ∈ P/lP .
For uq, the set P/lP is a parallelogram generated by the (l − 1)-multiples of the fun-
damental weights, P/lP = {(k1, k2} : 0 ≤ k1, k2 ≤ l − 1. With respect to the Wˆl,P ·-action
there are three kinds of weights: the Steinberg weight µ = (l−1)ρ that constitutes in itself
an Wˆl,P ·-orbit; 3(l−1) the weights of the form {(k1, k2) : k1+k2+2 = l}∪{(i, l−1) : 0 ≤
i ≤ l− 2} ∪ {(l− 1, j) : 0 ≤ j ≤ l− 2} that are stabilized by one of the reflections in Wˆl,P ;
and the remaining (l − 1)(l − 2) weights in P/lP , that have a trivial stabilizer in Wˆl,P .
Therefore the orbits in χ¯ can be divided into three groups:
µ ∈ χ¯ stabilizer order of the orbit number of orbits
regular {1} 6 (l−1)(l−2)6
singular parabolic proper subgroup 3 l − 1
µ = (l − 1)ρ Wˆl,P 1 1
The center of uq(sl3) decomposes according to the same principle:
z(uq) = ⊕ν∈χ¯ (z(uq))ν .
The blocks of the center corresponding to the orbits of the same kind (regular or singular
parabolic) are isomorphic. Therefore we obtain for the dimension of the center
dim z(uq) =
(l − 1)(l − 2)
6
· dim zregq + (l − 1) · dim z
par
q + 1,
where zregq and z
par
q denote respectively the center of the regular and parabolic blocks. By
Theorem 3.6 in [LQ], the dimension of zregq is 16. Therefore, we have for l = 5:
57 = 2 · 16 + 4 · dim zparq + 1,
which implies that in this case
dim zparq = 6.
Following the philosophy in [AJS] we can expect that the singular parabolic block of
the center of uq will have the same dimension for all odd l > 3 prime to 3. Then we have
that the dimension of the center for uq = uq(sl3) should be equal to
dim z(uq) =
(l − 1)(l − 2)
6
· 16 + (l − 1) · 6 + 1.
THE CENTER OF uq(sl3), l = 5 5
References
[AJS] H.H.Andersen, J.C.Jantzen, W.Soergel Representations of quantum groups at a p-th root of unity
and of semisimple groups in characteristic p: independence of p, Asterisque 220, Paris (1994).
[APW1] H.H.Andersen, P.Polo, Wen Kexin Representations of quantum algebras, Invent.Math. 104,
(1991).
[APW2] H.H.Andersen, P.Polo, Wen Kexin Injective modules for quantum algebras, American Journal of
Mathematics, 114, No. 3 (1992)
[BL] R. Bezrukavnikov, A. Lachowska, The Small Quantum Group and the Springer Resolution, Contem-
porary Mathematics, 433, p. 89-101 (2007)
[Ker] T.Kerler, Mapping class group actions on quantum doubles, Comm. Math. Phys., 168, (1995)
[La] A.Lachowska, On the center of the small quantum group, J.Algebra, 262, no.2, (2003)
[LQ] A. Lachowska, You Qi, The center of small quantum groups I: the principal block in type A,
arXiv:1604.07380 (2016)
[Lus] G.Lusztig, Finite dimensional Hopf algebras arising from quantized universal enveloping algebras J.
AMS v.3, no.1, (1990)
